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Abstract
We present a see-saw A4 model for Tri-Bimaximal mixing which is based on a very
economical flavour symmetry and field content and still possesses all the good fea-
tures of A4 models. In particular the charged lepton mass hierarchies are determined
by the A4 × Z4 flavour symmetry itself without invoking a Froggatt-Nielsen U(1)
symmetry. Tri-Bimaximal mixing is exact in leading order while all the mixing an-
gles receive corrections of the same order in next-to-the-leading approximation. As
a consequence the predicted value of θ13 is within the sensitivity of the experiments
which will take data in the near future. The light neutrino spectrum, typical of A4
see-saw models, with its phenomenological implications, also including leptoproduc-
tion, is studied in detail.
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1 Introduction
It is an experimental fact [1–4] that within measurement errors the observed neutrino
mixing matrix [5] is compatible with the so called Tri-Bimaximal (TB) form [6]. The best
measured neutrino mixing angle θ12 is just about 1σ below the TB value tan
2 θ12 = 1/2,
while the other two angles are well inside the 1σ interval [2]. In a series of papers [7–11]
it has been pointed out that a broken flavour symmetry based on the discrete group
A4 appears to be particularly suitable to reproduce this specific mixing pattern in leading
order (LO). Other solutions based on alternative discrete or continuous flavour groups have
also been considered [12–14], but the A4 models have a very economical and attractive
structure, e.g. in terms of group representations and of field content. In most of the
models A4 is accompanied by additional flavour symmetries, either discrete like ZN or
continuous like U(1), which are necessary to eliminate unwanted couplings, to ensure the
needed vacuum alignment and to reproduce the observed charged lepton mass hierarchies.
Given the set of flavour symmetries and having specified the field content, the non leading
corrections to the TB mixing arising from loop effects and higher dimensional operators
can be evaluated in a well defined expansion. In the absence of specific dynamical tricks,
in a generic model, all the three mixing angles receive corrections of the same order of
magnitude. Since the experimentally allowed departures of θ12 from the TB value sin
2 θ12 =
1/3 are small, at most of O(λ2C), with λC the Cabibbo angle, it follows that both θ13 and
the deviation of θ23 from the maximal value are expected in these models to also be at most
of O(λ2C) (note that λC is a convenient hierarchy parameter not only for quarks but also in
the charged lepton sector with mµ/mτ ∼ 0.06 ∼ O(λ2C) and me/mµ ∼ 0.005 ∼ O(λ3−4C )).
A value of θ13 ∼ O(λ2C) is within the sensitivity of the experiments which are now in
preparation and will take data in the near future. In this paper we present an A4 model
for TB mixing which is based on a most economical flavour symmetry and field content
and still possesses all the features described above. In particular TB mixing is exact in
LO while all mixing angles receive corrections at higher orders. The charged lepton mass
hierarchies are determined by the A4 × Z4 flavour symmetry itself without invoking a
Froggatt-Nielsen U(1) symmetry, as a consequence of a particular alignment as proposed
in refs. [15,16]. Our model, which is of the see-saw type, differs from those in refs. [15,16]
because the flavour symmetry is smaller and the pattern of corrections to TB mixing is
more general and flexible. It is interesting that A4 models with the see-saw mechanism
typically lead to a light neutrino spectrum which satisfies the sum rule (among complex
masses):
1
m3
=
1
m1
− 2
m2
. (1)
We discuss the features of the spectrum in detail, as these properties can be considered as
a signal for confirming the underlying A4 symmetry.
The article is organized as follows. In sect. 2 the structure of the model is described.
In sect. 3 we summarize the contributions from next to the leading order corrections. In
sects. 4-6 the phenomenological consequences are discussed. Finally, sect. 7 is devoted to
our conclusion.
1
2 The structure of the model
We introduce here the structure of our model, which leads to TB mixing in first ap-
proximation. The model is formulated in terms of the A4 realization in the T diagonal
basis introduced in ref. [9]. We recall that A4, the group of even permutations of 4 objects,
can be generated by the two elements S and T obeying the relations (a ”presentation” of
the group):
S2 = (ST )3 = T 3 = 1 . (2)
The 12 elements of A4 are obtained as: 1, S, T , ST , TS, T
2, ST 2, STS, TST , T 2S,
TST 2, T 2ST . The inequivalent irreducible representations of A4 are 1, 1
′, 1′′ and 3. It is
immediate to see that one-dimensional unitary representations are given by:
1 S = 1 T = 1
1′ S = 1 T = ei4π/3 ≡ ω2
1′′ S = 1 T = ei2π/3 ≡ ω .
(3)
The three-dimensional unitary representation, in a basis where the element T is diagonal,
is given by:
T =

 1 0 00 ω2 0
0 0 ω

 , S = 1
3

 −1 2 22 −1 2
2 2 −1

 . (4)
It is useful to remind the product rules of two triplets, (ψ1, ψ2, ψ3) and (ϕ1, ϕ2, ϕ3) of A4,
according to the multiplication rule 3x3=1 + 1′ + 1′′ + 3A + 3S:
ψ1ϕ1 + ψ2ϕ3 + ψ3ϕ2 ∼ 1 ,
ψ3ϕ3 + ψ1ϕ2 + ψ2ϕ1 ∼ 1′ ,
ψ2ϕ2 + ψ3ϕ1 + ψ1ϕ3 ∼ 1′′ ,

 2ψ1ϕ1 − ψ2ϕ3 − ψ3ϕ22ψ3ϕ3 − ψ1ϕ2 − ψ2ϕ1
2ψ2ϕ2 − ψ1ϕ3 − ψ3ϕ1

 ∼ 3S ,

 ψ2ϕ3 − ψ3ϕ2ψ1ϕ2 − ψ2ϕ1
ψ3ϕ1 − ψ1ϕ3

 ∼ 3A . (5)
We formulate our model in the framework of the see-saw mechanism, even though
it would also be possible to build a version (see sect. 5) where light neutrino masses
are directly described by a single set of higher dimensional operators, violating the total
lepton number by two units. For this we assign the 3 generations of left-handed (LH)
lepton doublets l and of right-handed (RH) neutrinos νc to two triplets 3, while the RH
charged leptons ec, µc and τ c all transform as 1 (while the most usual classification in A4
models is as 1, 1′′ and 1′). The A4 symmetry is then broken by suitable flavons. All the
flavon fields are singlets under the Standard Model gauge group. The complete flavour
symmetry is A4 × Z4. We adopt a supersymmetric context, so that two Higgs doublets
hu,d, invariant under A4, are present in the model. A U(1)R symmetry related to R-parity
and the presence of driving fields in the flavon superpotential are common features of
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Field νc ℓ ec µc τ c hd hu ϕT ξ
′ ϕS ξ ϕ
T
0 ϕ
S
0 ξ0
A4 3 3 1 1 1 1 1 3 1
′ 3 1 3 3 1
Z4 -1 i 1 i -1 1 i i i 1 1 -1 1 1
U(1)R 1 1 1 1 1 0 0 0 0 0 0 2 2 2
Table 1: Transformation properties of leptons, electroweak Higgs doublets and flavons under A4 ×Z4 and
U(1)R .
supersymmetric formulations. The field content and the symmetry assignments are as in
Tab.1. For the class of models of ref. [15, 16] the crucial feature is the alignment
〈ϕS〉 = (vS, vS, vS) (6)
〈ξ〉 = u
〈ξ′〉 = u′ 6= 0 , 〈ϕT 〉 = (0, vT , 0) , vT = −h1u
′
2h2
. (7)
Note that this differs from the usual A4 alignment in that 〈ϕT 〉 = (0, vT , 0) replaces
〈ϕT 〉 = (vT , 0, 0). The difference is that, while (1, 0, 0)n = (1, 0, 0) (i.e. all positive powers
are aligned in the same direction), for (0, 1, 0) we have (0, 1, 0)2 = (0, 0, 1) and (0, 1, 0)3 =
(1, 0, 0). These 3 directions are important in order to obtain the observed hierarchy of
charged lepton masses: the electron, muon and tauon masses arise at order (〈ϕT 〉/Λ)3,
(〈ϕT 〉/Λ)2, and 〈ϕT 〉/Λ, respectively, where Λ is the cutoff. For 〈ϕT 〉/Λ ∼ O(λ2C), with
λC being the Cabibbo angle, the correct hierarchy is reproduced. In the following we first
assume that the stated alignment actually occurs and describe the LO structure of the
model. Then in subsect. 2.3 we will show that the alignment is indeed naturally realized
at LO from the most general superpotential allowed by the symmetry of the model.
2.1 Charged leptons
The leading order structure of the vacua in eqs.(6,7) automatically generates a diagonal
charged lepton matrix, through the following superpotential terms:
wl =
yτ
Λ
τ c(ℓϕT ) hd +
yµ
Λ2
µc(ℓϕTϕT ) hd +
y′µ
Λ2
µc(ℓϕT )
′′
ξ′ hd + (8)
ye
Λ3
ec(ℓϕTϕT )
′′
ξ′ hd +
y′e
Λ3
ec(ℓϕT )
′ξ
′2 hd +
y′′e
Λ3
ec(ℓϕT )
′(ϕTϕT )
′′ hd +
y′′′e
Λ3
ec(ℓϕT )
′′(ϕTϕT )
′ hd +
yive
Λ3
ec(ℓϕT )1(ϕTϕT )1 hd + .....
In the above expression for the superpotential wl, for each charged lepton flavour, only
the lowest order operators in an expansion in powers of 1/Λ are explicitly shown. Dots
stand for higher dimensional operators that will be discussed later on. Note that the Z4
parities impose different powers of ϕT and/or ξ
′ for the electron, muon and tauon terms,
while ϕS and ξ are invariant under Z4 and only appear in non leading terms as additional
3
factors. After symmetry breaking, the mass matrix has the form:
mℓ =


vT vd
Λ3
(2yevTu
′ + y′eu
′2 + y′′ev
2
T ) 0 0
0 vT vd
Λ2
(
2yµvT + y
′
µu
′
)
0
0 0 yτvdvT
Λ

 , (9)
where vd = 〈hd〉. Note that the operators in the last line of eq. (8) vanish when the LO
VEV’s given in eqs.(6,7) are inserted.
As a result, the charged lepton mass matrix is diagonal and with hierarchical entries.
To estimate the order of magnitude of vT and u
′, we can use the experimental information
on the ratio of lepton masses. Assuming that all the y coefficients are of O(1), one obtains:
(
mµ
mτ
)
∼ 2 ε+ εu ≃ 0.06(
me
mτ
)
∼ 2 ε εu + ε2 + ε2u ≃ 0.0003
where we introduced the small quantities
ε = vT /Λ εu = u
′/Λ.
These relations are satisfied for both sets of values:
(ε, εu) = (0.043,−0.025) (ε, εu) = (0.077,−0.094). (10)
As we see, we can roughly assume that both ε and εu are of the same order of magnitude,
O(λ2C) (see also eq.(27)). With these assumptions, and using the relation connecting u′ to
vT of eq.(7) we can rewrite the lepton matrix in a simplified form:
mℓ = ε vd


ε2
[
−4h2
h1
(ye − h2h1 y′e) + y′′e
]
0 0
0 2 ε (yµ − h2h1 y′µ) 0
0 0 yτ

 . (11)
2.2 Neutrinos
In the neutrino sector the superpotential is given by:
wν = yν(ν
cℓ) hu + (M + a ξ) ν
cνc + b νcνc ϕS (12)
where a and b are generic coefficients and M is a constant with dimension of mass. Note
that we also included in the LO neutrino superpotential linear terms in ϕS and ξ.
The Dirac mass matrix is obtained from the first term in eq.(12) and it is given by:
mD = yν vu

 1 0 00 0 1
0 1 0

 = vu Yν . (13)
4
The other terms lead to the Majorana mass matrix:
mM =

 M + a u+ 2 b vS −b vS −b vS−b vS 2 b vS M + a u− b vS
−b vS M + a u− b vS 2 b vS

 (14)
with eigenvalues:
M1 = M + a u+ 3 b vS
M2 = M + a u (15)
M3 = −M − a u+ 3 b vS .
The light neutrino mass matrix is then given by the see-saw formula
mlight = −mTDm−1M mD . (16)
Note that all matrices mD, mM , m
−1
M and mlight are of the general form
m =

 x y yy x+ v y − v
y y − v x+ v

 (17)
and therefore are diagonalized by UTB (see, for example, [17]):
UTB =


√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 +1/√2

 . (18)
The mlight eigenvalues are:
m1 = −
(
v2u y
2
ν
M + a u+ 3 b vS
)
m2 = −
(
v2u y
2
ν
M + a u
)
(19)
m3 =
(
v2u y
2
ν
M + a u− 3 b vS
)
.
2.3 Alignment
At LO the most general driving superpotential wd invariant under A4×Z4 with R = 2
is given by
wd = M(ϕ
S
0ϕS) + g1(ϕ
S
0ϕSϕS) + g2ξ(ϕ
S
0ϕS) + g3ξ0(ϕSϕS) + g4ξ0ξ
2 +Mξξ0ξ (20)
+ M20 ξ0 + h1ξ
′(ϕT0ϕT )
′′ + h2(ϕ
T
0 ϕTϕT ) .
We now discuss the vacuum alignment configuration determined by wd. The equations
giving the vacuum structure for the fields ϕT and ξ
′ are:
∂w
∂ϕT01
= 2h2(ϕT
2
1 − ϕT 2 ϕT 3) + h1 ξ′ ϕT 3 = 0
∂w
∂ϕT02
= 2h2(ϕT
2
2 − ϕT 1 ϕT 3) + h1 ξ′ ϕT 2 = 0 (21)
∂w
∂ϕT01
= 2h2(ϕT
2
3 − ϕT 1 ϕT 2) + h1 ξ′ ϕT 1 = 0
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whose solutions are:
〈ξ′〉 = u′ 6= 0 , 〈ϕT 〉 = (0, vT , 0) , vT = −h1u
′
2h2
. (22)
with u′ undetermined.
From Eq. (20), we can obtain the equations from which to extract the vacuum expec-
tation values for ϕS and ξ:
∂w
∂ϕS01
= 2g1(ϕS
2
1 − ϕS2 ϕS3) + (M + g2 ξ)ϕS1 = 0
∂w
∂ϕS02
= 2g1(ϕS
2
2 − ϕS1 ϕS3) + (M + g2 ξ)ϕS3 = 0 (23)
∂w
∂ϕS03
= 2g1(ϕS
2
3 − ϕS1 ϕS2) + (M + g2 ξ)ϕS2 = 0
∂w
∂ξ0
= Mξξ + g3(ϕS
2
1 + 2ϕS2 ϕS3) + g4ξ
2 +M20 = 0 .
An extremum solution is given by:
〈ϕS〉 = (vS, vS, vS) (24)
〈ξ〉 = u
with the conditions:
u = −M
g2
(25)
v2S =
1
3g22g3
[
g2(MMξ − g2M20 )− g4M2
]
. (26)
Note that we expect a common order of magnitude for the VEV’s (scaled by the cutoff
Λ):
vT
Λ
∼ u
′
Λ
∼ ε, vS
Λ
∼ u
Λ
∼ ε′ . (27)
However, as the minimization equations for the two sets are separate, we can tolerate a
moderate hierarchy between ε and ε′.
It is easy to check that the above solutions for the vacuum expectation values corre-
spond to isolated directions, in the sense that if one perturbs the vacua in eqs.(6,7) by
small quantities (that is 〈ϕT 〉 = (ε1, vT + ε2, ε3) and 〈ϕS〉 = (vS + εs1, vS + εs2, vS + εs3)) the
minimizing equations do not allow to continuously shift the given directions. In fact it is
important to note that the alignment direction for ϕS corresponds to a particular subgroup
GS of A4 × Z4 generated by the operator S which is left invariant. On the contrary ϕT
is aligned along a direction which breaks A4 × Z4 completely. It corresponds however to
a subgroup of A4 × Z3 which is an accidental symmetry of the relevant terms in the LO
superpotential [15] (those involved in the minimization that leads to the ϕT VEV). This
accidental symmetry does not survive at the next to the leading order level, where in fact
the alignment is displaced.
We conclude that at the LO the present model leads to diagonal and hierarchical
charged leptons and to exact TB mixing for neutrinos.
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3 Beyond the leading order
At the next level of approximation each term wl, wν and wd of the superpotential
is corrected by operators of higher dimension whose contributions are suppressed by at
least one power of VEV’s/Λ. The corrections to wd determine small deviations from the
LO VEV alignment configuration. The next to the leading order (NLO) corrections to
mass and mixing matrices are obtained by inserting the corrected VEV alignment in the
LO operators plus the contribution of the new operators evaluated with the unperturbed
VEV’s. A crucial feature is that ϕS and ξ are invariant under Z4 so that it is always
possible to include an extra power of these fields on top of each LO term (the fact that ϕS
is a 3 under A4 can be taken into account by a suitable reshuffling of the A4 contractions
in order to form an invariant). On the contrary ϕT and ξ
′ take a phase i under Z4 so that
adding such an extra factor to a given LO term is not possible. The results, which follow
from a detailed analysis, can be summarized as follows.
The VEV configuration obtained from wd + ∆wd, where ∆wd is the most general set
of terms suppressed by one power of the cutoff is given by:
〈ϕS〉 = (vS + δvS, vS + δvS, vS + δvS)
〈ϕT 〉 = (δvT1 , vT + δvT2 , δvT3) (28)
〈ξ〉 = u+ δu
and u′ is still undetermined. Thus 〈ϕS〉 acquires O(1/Λ) corrections in the same direction,
whereas all components of 〈ϕT 〉 acquire different corrections so that its alignment is tilted.
In the charged lepton sector, the correction ∆wl is obtained by adding to each term of
wl one factor of ϕS/Λ or ξ/Λ in all possible ways with arbitrary coefficients. As a result,
each diagonal entry gets a small correction, while all non diagonal entries become non
vanishing and of the order of the diagonal term in each row multiplied by ε′:
mℓ = ε vd

 a1 ε
2 a2 ε
2 ε′ a3 ε
2 ε′
b1 ε ε
′ b2 ε b3 ε ε
′
c1 ε
′ c2 ε
′ c3

 (29)
where the coefficients ai, bi and ci are O(1) unspecified constants. This pattern is not al-
tered when one adds the corrections from inserting the shifted VEV’s in the LO expression
of wl. In fact the shifts δvi/Λ are also of order ε
′ and the corresponding corrective terms
contain one additional power of δvi/Λ for each matrix element in a row which contains a
fixed power of ε to start with. Thus, including these additional corrections only amounts
to a redefinition of the ai, bi and ci coefficients.
The matrix m†ℓ mℓ can be diagonalized to Diag[|a21 ε4|, |b22 ε2|, |c23|] by the unitary trans-
formation
Uℓ =


1 ( b1
b2
ε′)∗ ( c1
c3
ε′)∗
− b1
b2
ε′ 1 ( c2
c3
ε′)∗
− c1
c3
ε′ − c2
c3
ε′ 1

 . (30)
Note that, at this order, the coefficients of the electron row in eq.(29) do not enter in
Uℓ. From the matrix in eq.(30), we can compute the corresponding corrections to the
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TB mixing matrix according to UPMNS = U
†
ℓ UTB and all entries of UTB get corrected to
O(1/Λ).
In the neutrino sector the corrections due to inserting the VEV shifts in the LO oper-
ators do not affect the Dirac mass at all while the changes in the Majorana mass are still
of the form that is diagonalized by the TB mixing matrix. However the corrections from
operators of higher dimension obtained by inserting one extra power of ϕS/Λ or ξ/Λ, of
order ε′, alter both the Dirac and the Majorana mass in such a way that the TB mixing
pattern is completely violated by small corrective terms. To be precise the Dirac neutrino
mass directly receives a relative correction of O(ε′). The Majorana neutrino mass in LO
has terms of order M and of order vS (see eq.(12)). At NLO it receives TB mixing violat-
ing corrections of order vSε
′. As a result, the overall correction to TB mixing arises from
the most general symmetric matrix of order vSε
′:
mν = −mTDm−1M mD = (mν)TB + vSε′

 A B CB D F
C F E

 (31)
where by (mν)TB we denote the matrix, diagonalizable by UTB, which is obtained from
the LO term plus the corrective terms that can be reabsorbed in the LO coefficients as
they preserve TB mixing.
In conclusion when the NLO corrections are included TB mixing is violated by small
terms and one expects:
sin2 θ12 =
1
3
+O(ε′)
sin2 θ23 =
1
2
+O(ε′) (32)
sin θ13 = O(ε′) .
We have already noted that the data require that ε′ . O(λ2C).
4 Light neutrino spectrum and constraints from r
It is useful to study the constraints on the model imposed by the observed values of
∆m2atm and of the ratio r = ∆m
2
sol/|∆m2atm|. Here ∆m2sol = |m2|2 − |m1|2 > 0, ∆m2atm =
|m3|2 − |m1|2. We do this in the LO approximation. In fact the results of the previous
section indicate that the corrections to the spectrum are sufficiently small to be neglected
for a first orientation. For this discussion we adopt the following parameterization:
A = M + a u = |A| ei φA
B = 3 b vS = |B| ei φB
α =
|B|
|A| (33)
φ = φB − φA .
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In LO the masses can then be written as:
m1 = − v
2
u y
2
ν
|A| ei φA
(
1
1 + α ei φ
)
m2 = − v
2
u y
2
ν
|A| ei φA (34)
m3 =
v2u y
2
ν
|A| ei φA
(
1
1− α ei φ
)
.
Note that, in the leading approximation, the model predicts the relation:
1
m3
=
1
m1
− 2
m2
. (35)
This LO relation is typical of see-saw versions of A4. Here it is expected to hold up to
corrections of O(λ2C), as discussed in section 3. Note that mi (i = 1, 2, 3) are complex
numbers, so that the previous relation cannot be used to exactly predict one physical
neutrino mass in terms of the other two ones, as is clear by the following discussion.
Nevertheless, it provides a non-trivial constraint that the neutrino masses should obey.
In terms of the parameters α (which is real and positive) and φ, the ratio r is:
r =
∆m2sol
|∆m2atm|
=
(1 + α2 − 2α cosφ)(α + 2 cosφ)
4 | cosφ| . (36)
The limit α → 0 gives r = 1/2, which is too large compared to the experimental value.
Thus in order to accomodate r ∼ 1/30 one needs a value of α of O(1), which implies
that (see eq.(33)) |A| = |M + a u| ∼ |B| = 3 |b vS|. With |a|, |b| ∼ O(1) this is obtained
if |M | ∼ u, vS, or, in other words, |M | must be sizeably smaller than the cutoff Λ. We
interpret this result as related to the fact that the RH neutrino Majorana mass M must
empirically be close to MGUT . This means that in the context of a grand unified theory
M must be of O(MGUT ) rather than of O(MP lanck). More precisely, from Eq. (36) one
recognizes that a small r can be reproduced if
a) cosφ ∼ α ∼ 1
(37)
b) cosφ = −α
2
+ δα δα ∼ O(r) .
The first condition a) corresponds to a normal hierarchy spectrum whereas the second
condition b) leads to an inverted hierarchy scheme.
In the normal hierarchy case, a), by expanding around cosφ ∼ α ∼ 1, we obtain:
|m1|2 = 1
3
∆m2atm r + ...
|m2|2 = 4
3
∆m2atm r + ...
|m3|2 =
(
1 +
r
3
)
∆m2atm + ...
|mee|2 = 16
27
∆m2atm r + ... ∼ (0.007 eV)2 , (38)
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where we have expressed the parameters in terms of ∆m2atm and r. Dots denote terms of
order r2 as well as corrections beyond the LO. Note that in this model |m1| cannot vanish.
In the last line |mee| is the effective mass combination controlling the violation of the total
lepton number in neutrinoless double beta decay.
In the inverse hierarchy case b), we set 2 cosφ = −α+ δ with δ positive and small and
vary α in the range between 0.07 and 2 (the lower limit comes from the absolute bound
on the squared masses at fixed ∆m2atm and r, taken indicatively at |mi| . 0.5 eV ). The
quantity δ is determined in terms of r:
δ =
2αr
1 + 2α2
(39)
while the scale of the squared masses is fixed by |∆m2atm|. In terms of α one obtains1:
|m2|2 = |m1|2 + |∆m2atm| r = |∆m2atm|
(
1 + 2α2
2α2
)[
1 + r
(
1 +
1
(1 + 2α2)2
)]
+ ...
|m3|2 = |m1|2 − |∆m2atm| . (40)
Note that the r terms are sufficiently small that the corresponding contributions could be
overshadowed by the neglected NLO corrections. Omitting these additional linear terms
in r, mee is given by:
|mee|2 = |∆m2atm|
(
1 + 2α2
2α2
)(
1− 2
9
α2
)
+ ... (41)
|mee|2 is a decreasing function of α in the physical range and is close to |∆m2atm| ∼
(0.05 eV)2 for α = 1 and to |∆m2atm|/8 for α = 2. The behaviour of |mee| as a function
of α, including the neglected terms in r, is shown in the left panel of Fig.(1). The most
pronounced inverse hierarchy is realized for α = 2 where |m3| ∼ |m1|/3, as it is seen from
the right panel of Fig.(1).
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Figure 1: Behaviour of neutrino masses in the inverted hierarchy case (at fixed ∆m2
atm
and r) as a function
of α in the range between 0.07 and 2 (the lower bound on α corresponds to an upper bound on |mi|). Left
panel: |mee|. Right panel: |m2|, |m3| and the ratio |m3|/|m2|.
Using reasonable values for the parameters, like vu = 170 GeV and yν = 1, we estimate
|A| ∼ O(1014 − 1015) GeV (see eq. (33)), with a significant preference of the normal
1Note that earlier results found in the literature like, e.g., in [9] and [11], were obtained from a different
type of expansion and for this reason the linear terms in r are not the same.
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(inverted) hierarchy toward larger (smaller) values of |A|, as we can see in Fig.(2), where
we show the behaviour of |A| as a function of cosφ (left panel) and α (right panel) for both
neutrino spectra. The allowed parameter space is built from the following 3-σ constraints
[4]:
∆m2sol > 0
|∆m2atm| = ±2.41± 0.34× 10−3 eV 2 (42)
r = 0.032± 0.006 .
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Figure 2: Values of |A| (in log-scale) as a function of cosφ (left panel) and α (right panel) obtained by
imposing the relations in eq.(42).
In conclusion the observed value of r requires that M is at or just below MGUT . Once
this is realized the observed spectrum can be reproduced.
5 Effective operators
In addition to the previous operators, we should also consider those higher dimensional
operators that could arise beyond the type-1 see-saw terms. The following terms contribute
to the effective light neutrino mass operators:
W effν =
C
Λ
(ℓ hu ℓ hu) +
D
Λ2
(ℓ hu ℓ hu) ϕS +
E
Λ2
(ℓ hu ℓ hu) ξ
=
C ′
Λ
(ℓ hu ℓ hu) +
D
Λ2
(ℓ hu ℓ hu) ϕS . (43)
The redefinition in the last line is justified because the operator containing ξ gives the
same mass matrix as the leading order operator proportional to C. This results in the
following matrix:
meff =
v2u
Λ

 C
′ + 2D vS
Λ
−D vS
Λ
−D vS
Λ
−D vS
Λ
2D vS
Λ
C ′ −D vS
Λ
−D vS
Λ
′ C ′ −D vS
Λ
2D vS
Λ

 (44)
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which is diagonalized by UTB. Its eigenvalues contribute to the light neutrino mass matrix
as follows:
m1 = v
2
u
( −y2ν
M + a u+ 3 b vS
+
C ′
Λ
+ 3D
vS
Λ2
)
m2 = v
2
u
( −y2ν
M + a u
+
C ′
Λ
)
(45)
m3 = v
2
u
(
y2ν
M + a u− 3 b vS −
C ′
Λ
+ 3D
vS
Λ2
)
.
It is natural to assume that C ′ ∼ D ∼ O(1). Then the D term is subleading and the
importance of the C ′ term depend on the relative size of M and Λ. We have seen in
the previous section that, in order to reproduce the observed value of r, M must be
considerably smaller than Λ. Then the contribution of the effective operators in eq.(45) is
suppressed at a level comparable to NLO corrections.
6 Additional phenomenological consequences
6.1 RGE evolution of the mixing parameters
Only for a nearly degenerate neutrino mass spectrum, the running of the angle θ12
from MGUT ∼ 1015 GeV down to SUSY breaking scale (MS ∼ 103 GeV) is non negligible.
The evolution is large for |m1| sufficiently close to |m2| (the two are kept apart by the non
vanishing value of r). In our model, neglecting r:
∣∣∣∣m2m1
∣∣∣∣
2
= 1 + α2 + 2α cosφ . (46)
The ratio approaches 1 for α ∼ 0 or α + 2 cosφ ∼ 0, which means that this is the case in
the whole inverse hierarchy interval.
In the case of CP conserved neutrino mixing matrix and in the limit of vanishing
electron and muon Yukawa couplings, the evolution equation of θ12 is dictated by [18]:
s˙12 =
1
2
s12 (1− s212)A21 y2τ (47)
where s12 = sin θ12 and
A21 =
|m1 +m2|2
∆m2sol
. (48)
In our model m1 and m2 are complex numbers and, by denoting the 2-1 relative phase as
φ2 − φ1 = 2β, the following symmetric result holds [19]:
A21 =
|m1 +m2|2
∆m2sol
= cos2 β
|m1|+ |m2|
|m1| − |m2| + sin
2 β
|m2| − |m1|
|m1|+ |m2| (49)
which shows that for a generic phase an interpolation between the results for ±1 phases
applies. The derivative is done with respect to the variable t = (1/16 π2) log MGUT
M
. The
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solution of eq.(47) can then be expressed in terms of the small quantity λ = 1/3− s212:
λ =
2
9
A21
y2τ
16π2
log
MGUT
MS
. (50)
Since λ . 0.05, and given that y2τ ∼ 10−4(1+tan2 β), we can avoid a running of θ12 beyond
the experimental limits if
A21 (1 + tan
2 β) . 104. (51)
In the normal hierarchy case, m2 ∼ 2m1 and both are real numbers, so that A21 ∼ 3
and there is no appreciable evolution. In the inverse hierarchy case from eq.(49) one
obtains the following approximate expression in the physical range of α:
A21 =
|m1 +m2|2
∆m2sol
∼ 1 + 2α
2
2α2r
(
4− α2 + 4α
2r
1 + 2α2
)
. (52)
At small α the light neutrino masses become nearly degenerate (see Fig.(1) ) and we expect
evolution to become important. As we have already mentioned, the existing upper limits
on neutrino masses require α > 0.07. For values of α near its bound, from the previous
equations, we obtain A12 ∼ 104 and the evolution is not negligible. But A12 decreases fast
with α and in the central region where α ∼ 1 we have A12 ∼ 150, so that evolution can
be neglected for tanβ < 10. Above α ∼ 1 all realistic values of tanβ become gradually
allowed. Near α = 2, where the pattern of inverse hierarchy is most pronounced, A12 = 2
and evolution effects are completely negligible.
6.2 Leptogenesis
In the early universe out-of-equilibrium decays of heavy neutrinos to lepton and Higgs
doublets produce lepton number asymmetries. The asymmetry parameters are defined as
follows:
ǫi =
1
8π(Yˆ Yˆ †)ii
∑
j 6=i
Im
{[
(Yˆ Yˆ †)ij
]2}
f
( |Mj |2
|Mi|2
)
(53)
where the hat matrices are Yukawa matrices evaluated in the basis in which the Majorana
mass matrix is diagonal andMi are the Majorana masses given in eq. (15) which, in terms
of α and φ, can be written as:
M1 = |A| eiφA (1 + α eiφ)
M2 = |A| eiφA
M3 = |A| eiφA (−1 + α eiφ).
For supersymmetric theories, the f -function is given by:
f(x) = −√x
[
2
x− 1 + log
(
1 + x
x
)]
. (54)
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Defining Ω as the unitary matrix which diagonalizes the Majorana mass matrix, the
Yukawa matrix in this basis is given by Yˆ = ΩT Yν and the product Yˆ Yˆ
† reads:
Yˆ Yˆ † = ΩT YνY
†
ν Ω
∗ . (55)
At LO:
Ω = UTBM diag(e
iφ1 , eiφ2, eiφ3) = UTBM Uφ
Yν Y
†
ν = |yν |2 I (56)
and the ǫi parameters are all vanishing [20]. At the next-to-leading order, one has to take
into account the corrections to the Yukawa matrix as well as to the Majorana mass matrix,
which reflects in a different structure of the Ω matrix, in such a way that:
Yν = YLO + δY
Ω = UTBM Uφ + δΩ
where both δY and δΩ are of O(ε′). This means that the correction to the matrix product
Yˆ Yˆ † is given by:
δ(Yˆ Yˆ †) = (δΩ)T YLOY
†
LO Ω
∗ + ΩT YLOY
†
LO (δΩ)
∗ + ΩT δ(YνY
†
ν ) Ω
∗ .
The first two terms do not contribute to the ǫi parameters, because of the unitarity of Ω,
and the relevant contribution arises from the last one. In the basis in which the charged
leptons are diagonal, the NLO Yukawa matrix δY is determined by the following relevant
operators 2
δW diracν =
y′ν
Λ
[(νcℓ)3A ϕS] hu +
y′′ν
Λ
[(νcℓ)3S ϕS] hu . (57)
Then one easily obtains:
Yˆ Yˆ † =

 |yν |
2 + 6 a ε′ 0 2
√
3 b ε′ ei(φ1−φ3)
0 |yν |2 0
2
√
3 b ε′ ei(−φ1+φ3) 0 |yν|2 − 6 a ε′

 (58)
where we defined a = ℜ(yν y′∗ν ) and b = ℜ(yν y′′∗ν ). At leading order in ε′, the ǫ parameters
are then given by:
ǫ1 = ε
′2 3 b
2
2π |yν |2 sin [2(φ1 − φ3)] f
( |M3|2
|M1|2
)
ǫ2 = 0 (59)
ǫ3 = ε
′2 3 b
2
2π |yν |2 sin [2(φ3 − φ1)] f
( |M1|2
|M3|2
)
.
A relevant feature here is that, at the perturbative order we are working, ǫ2 is vanishing.
The parameter governing leptogenesis depends on the heavy neutrino mass spectrum. In
2We omit the operator of the form 1
Λ
(νcℓ)1 ξ hu because it develops a VEV in the same direction as
the leading order Dirac operator.
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the case of the normal hierarchy for the light neutrinos, the lightest Majorana mass is M3
and leptogenesis is governed by ǫ3. Since
f
( |M1|2
|M3|2
)
∼ −3 |M3||M1|
(60)
we get:
ǫ3 = ε
′2 9 b
2
2 π |yν |2 sin [2(φ1 − φ3)]
|M3|
|M1| . (61)
In the normal hierarchy case sin [2(φ1 − φ3)] |M3||M1| is typically of O(10−1). Thus, assuming
3 b2/π |yν|2 ∼ O(1), with ε ∼ O(10−2) we obtain ǫ3 ∼ O(10−5), which is compatible with
the requirement ǫ3 ∼ O(10−5 − 10−6) needed, within large ambiguities, to reproduce the
observed asymmetry.
In the inverted hierarchy case the largest contribution to leptogenesis comes from
ǫ1. The f -function assumes now a more complicated structure. By neglecting terms
proportional to r, we get
f
( |M3|2
|M1|2
)
∼ −
√
1 + 2α2
[
1
α2
+ log
(
1 +
1
1 + 2α2
)]
(62)
and
sin [2(φ1 − φ3)] f
( |M3|2
|M1|2
)
∼ 2(α
2 − 1)√4− α2√
1 + 2α2
[
1
α
+ α log
(
1 +
1
1 + 2α2
)]
. (63)
This function becomes very large at small α values but is of order 1 for α & 1. Still
assuming 3 b2/π |yν |2 ∼ O(1), the requirement ǫ1 ∼ O(10−5− 10−6) can be easily fulfilled,
at least in some intervals of α near the points α = 1 and α = 2 where the above function
vanishes.
In conclusion the present model is compatible with the constraints derived from lepto-
genesis.
7 Conclusion
We have presented and discussed an A4 model for TB mixing of the see-saw type which,
in spite of being based on a most economical flavour symmetry and field content, still it is
phenomenologically viable. In particular TB mixing is exact in LO while all mixing angles
receive corrections at higher orders. The charged lepton mass hierarchy is determined by
the A4 × Z4 flavour symmetry itself without invoking a Froggatt-Nielsen U(1) symmetry,
as in refs. [15, 16]. A value of θ13 ∼ O(λ2C) is indicated which is within the sensitivity of
the experiments which are now in preparation and will take data in the near future. This
example shows once more that the results derived from A4 are robust and, in particular,
do not depend on the detailed mechanism that produces the hierarchy of charged lepton
masses. In typical A4 models of the see-saw type the light neutrino spectrum has the
15
same features. Among the 3 complex masses the sum rule in eq. (1) holds. This sum rule
implies that the lightest neutrino has a non vanishing mass. The model is compatible with
either a normal hierarchy or an inverse hierarchy spectrum. We have studied the spectrum
in detail in these different cases and discussed the predictions for the mass eigenvalues, as
well as for mee and leptogenesis.
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